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ABSTRACT 
The combinatorial structure of the generalized nullspace of a block triangular 
matrix with entries in an arbitrary field is studied. Using an extension lemma, we 
prove the existence of a weakly preferred basis for the generalized nullspace. Indepen- 
dently, we study the height of generalized nullvectors. As a corollary we obtain the 
index theorem, which provides an upper bound for the index of a general matrix in 
terms of the indices of its diagonal blocks. We also investigate the case of equality in 
the index theorem. 
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INTRODUCTION 
Beginning with Frobenius [2], many authors have investigated the combi- 
natorial structure of a basis for the generalized eigenspace associated with the 
spectral radius of a (not necessarily irreducible) nonnegative matrix; see [lo], 
[8], [7], [4], and the survey [ll]. These results have been partially extended to 
other real eigenvalues of a nonnegative matrix, or equivalently to the real 
eigenvalues of a Z-matrix [12, 51. In this paper we eliminate the restriction to 
nonnegativity and show that a somewhat weaker version of the combinatorial 
results on the structure of certain bases holds for matrices with entries in an 
arbitrary field. Thus, it is possible to apply, for example, our results to 
complex eigenvalues of real matrices. Our aim is to relate the structure of the 
generalized eigenspace of a matrix given in a block triangular form to 
the Jordan structure of its diagonal blocks and to the graph structure of the 
matrix. Formally our results are stated in terms of the eigenvalue 0 of a 
singular matrix, but this is a technicality, since a scalar matrix may always be 
added to the original matrix. Our principal results are the Extension Lemma 
(3.2) the theorem (4.9) on the existence of weakly preferred bases, and the 
Index Theorem (Corollary (5.8)) and the discussion of the equality case in the 
Index Theorem in Section 6. 
The Extension Lemma (3.2) proved in Section 3 shows that every vector 
in the generalized nullspace of a diagonal block of a matrix has an extension 
to a vector in the generalized nullspace of the matrix which satisfies certain 
combinatorial properties. This lemma is a major tool used for subsequent 
results. 
The existence of a weakly preferred basis for the generalized mlllspace of 
a matrix is proved in Section 4; see Theorem (4.9). Such a basis is character- 
ized by a very special combinatorial structure induced by the reduced graph 
of the matrix. 
Section 5 is independent of Sections 3 and 4. It is an easy consequence of 
Theorem 2.1 in [6] that the index of a matrix given in a block triangular form 
is less than or equal to the sum of the indices of the diagonal blocks. In the 
Index Theorem (Corollary (5.8)) we improve this result. We show that the 
index of the matrix is less than or equal to the maximal sum of the indices of 
blocks along a path in the reduced graph. Another proof of the Index 
Theorem using an entirely different approach is given in [l]. A special case 
for nonnegative matrices for the eigenvalues that are possibly different from 
the spectral radius is contained in [9]. 
In Section 6 we discuss the equality case of the inequality in the Index 
Theorem. We give a necessary and sufficient condition when A is a 2 ~2 
block matrix (see Theorem (6.8)), and we show that an analogous condition is 
necessary for the equality when the number of blocks is arbitrary (see 
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Theorem (6.13)). We show by means of examples that our condition is not 
sufficient. 
This paper continues the series of papers [4, 5, 31. The current paper is 
logically independent of these references. 
2. NOTATION AND DEFINITIONS 
In this paper we discuss n X n matrices A and vectors with n entries 
over an arbitrary field (which will not be mentioned explicitly in the sequel). 
The matrix A is always assumed to be in a (lower) block triangular form, 
with p diagonal blocks, all square. The diagonal blocks are not necessarily 
irreducible. The dimension of the jth block is nj, j E ( p ). Also, every vector 
b with n entries will be assumed to be partitioned into p vector components 
b, conformably with A. 
We follow the notation and definitions of [4], [S], and [3]. 
(2.1) NOTATION. For a positive integer n we denote by (n) the set 
{l,...,n}. 
(2.2) NOTATION. Let b be a vector with n entries (partitioned as above). 
We denote 
supp(b)= {i~(p):b~fO}. 
(2.3) DEFINITION. The reduced graph R(A) of the matrix A is defined 
to be the (directed) graph with vertices 1,. . . , p and where (i, j) is an arc if 
and only if A i j # 0. 
Note that since A is in a block triangular form, R(A) may contain loops 
but no other (directed, simple) cycles. 
(2.4) DEFINITION. Let i and j be vertices in R(A). We say that j 
accesses i if i = j or there is a path in R(A) from j to i. In this case we write 
thati=<j.Wewritei-<jfori=<jbuti#j.Wewriteif<jifi=<j 
is false. 
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(2.5) DEFINITION. A set W of vertices in R(A) is said to be initial if for 
every vertex j of R(A) and every element i of W, i = < j implies that 
j E w. 
(2.6) NOTATION. Let W be a set of vertices of R(A). We denote 
below(W) = { rt ve icesiofR(A):thereexists jEWsuchthatj=<i}, 
top(W)= {igW:j~W, j=<iimplythat i=j}. 
(2.7) DEFINITION. A vertex i of R(A) is said to be singular if A,, is 
singular. The set of all singular vertices of R(A) is denoted by S. 
(2.8) NOTATION. Let W be a set of vertices of R(A). We denote by 
A[W] the block matrix (Aij)i,j,,,. Also, if h is an n-vector then we denote 
by h[ W] the block vector (hi), ( u’. Finally, if W f (p), then we denote by 
A(W) and by b(W) the block matrix A[( p)\W] and the block vector 
h [ ( p)\W] respectively. 
Note that A[ W] is a principal submatrix of A. 
(2.9) NOTATION. For an n X n matrix A we denote: 
m(A) = the algebraic multiplicity of 0 as an eigenvalue of A; 
index(A) = the index of 0 as an eigenvalue of A, viz., the size of the 
largest Jordan block associated with 0; 
‘\‘(A) = the nullspace of A; 
E(A) = the generalized nullspace of A, viz. &‘(A”) [note that nr( A) 
is the dimension of E(A)]; 
range(A) = the range of A. 
(2.10) DEFINITION. Let A be an n x n matrix. A sequence (x1,. . . , x”‘) 
of vectors is said to be a chain (with respect to A) if Ax’ = xi+‘, i = 1,. . . , m 
- 1. 
(2.11) DEFINITION. Let A be an n x n matrix. A chain (x1,. . . , x “I) of 
vectors is said to be a Jordan chain (with respect to A) if x”’ f 0 and 
Ax”‘=O. 
(2.12) REMARK. As is well known, the generalized nullspace of a given 
square matrix has a basis which is a union of Jordan chains. Such a basis is 
called a Jordan basis for the generalized nullspace of the matrix. 
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(2.13) DEFINITION. Let A be a square matrix and let x E E(A). We 
define the height of x to be the minimal nonnegative integer k such that 
Akx = 0. We denote it by height(x). 
3. COMBINATORIAL EXTENSIONS 
OF GENERALIZED NULLVECTORS 
(3.1) DEFINITION. Let A be a square matrix in a block triangular form, 
let x be a vector, and let i be a vertex in R(A). The vector x is said to be a 
weak i-combinatorial extension of an ni-vector y if xi = y and x j = 0 
whenever i # -C j. The latter condition means that supp( x) G below(i). 
The following Extension Lemma is a major tool in our results. 
(3.2) LEMMA. Let A be a square matrix in a block triangular form, ancl 
let u be a vector in E(A,,) for some vertex i in R(A). Then there exists u 
vector x in E(A) such that x is a weak i-combinatorial extension of u. 
Proof. If u = 0, then x = 0 is the required vector. So assume that u f 0. 
Then Ai, is singular. Let B = A[below( i)], and let xi,. . . , x”‘(‘) be a basis for 
E(B). Observe that xp E E(A,,) for all q E (m(B)). By performing elemen- 
tary operations we may assume that x y + 0 if and only if q E (t ), and that 
X!,..., rf are linearly independent vectors in E( Ail). Since xr = 0 for t < q 
< m(B), it follows that the vectors x’+i( i), . . . , I”’ are linearly indepen- 
dent vectors in E(B(i)), where we recall that x’(i) = xj[below( i)\{ i }] and 
B( i ) = B [below( i)\{ i }]. Therefore, we have 
m(B) G t + m(B(i)) <m(Ai,)+m(B(i))=m(B), 
the last inequality following from the fact that in a block triangular matrix the 
algebraic multiplicity of 0 as an eigenvalue equals the sum of the algebraic 
multiplicities of 0 as an eigenvalue of the diagonal blocks. Hence, we must 
have t = m(A,,), and so x!,..., xi form a basis for E( A,,). Thus, we have 
t 
v= c cxjXj 
j=l 
for some scalars cxi,. . . , at. Since below(i) is an initial set, it follows that by 
adjoining zero components to xi,. . . , xf we obtain vectors y ‘, . . . , yt in E(A) 
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that are weak i-combinatorial extensions of xt,, . . , xi respectively. It now 
follows that the vector x in E(A), defined by 
t 
x = c aiyj, 
j=l 
satisfies x = u and supp( x) c Uj= I supp( y j) c below(i). n 
We remark that in general one cannot replace the generalized nullspaces 
in Lemma (3.2) by the nullspaces. In other words, if u is a vector in N( A ji) 
for some vertex i in R(A), then there does not necessarily exist a vector x in 
N(A) such that r is a weak i-combinatorial extension of U. Note that in the 
proof of Lemma (3.2) we used the fact that the algebraic multiplicity of 0 as 
an eigenvalue of a block triangular matrix equals the sum of the algebraic 
multiplicities of 0 as an eigenvalue of the diagonal blocks. Clearly, this 
property does not hold in general for the geometric multiplicity. 
The following elementary lemma is essentially known; see Lemma 3.1 
in [5]. 
(3.3) LEMMA. Let A be a square matrix in block triangular form, and let 
x be a vector. Then supp( Ax) c below(supp( x)). 
(3.4) PROPOSITION. Let A be a square matrix in block triangular form, 
let j be a vertex in R(A), and let (y’, . . . , y”) be a chain of npectors with 
respect to Aii. Let x’ be a weak j-combinatorial extension of y’. Then the 
vector xi = A’- ‘x1 is a weak j-combinatorial extension of y i, i E (m). 
Proof. By Lemma (3.3) we have 
supp( x “) c below(supp( x’)) c below(below( j )) = below(j). 
Also, since supp( x’) c below(j) we have 
Hence, x2 is a weak j = combinatorial extension of y2. An inductive 
argument completes the proof. n 
NULLSPACE OF A BLOCK TRIANGULAR MATRIX 15 
Motivated by Proposition (3.4) we now define 
(3.5) DEFINITION. Let A be a square matrix in block triangular form, let 
j be a vertex in R(A), andlet fi=(y’,..., y”‘) be a chain of nj-vectors with 
respect to Ajj. Let x1 be a weak j-combinatorial extension of yi, and let 
(.u=(x’,..., 1~“‘) be a chain with respect to A, defined by x’ = A’ -lx’, 
i E (m). Then (Y is said to be a weak j-combinatorial chain extension of /3. If 
fi is a Jordan chain with respect to Ajj and xi E E(A), then we call (Y a 
weak j-combinatorial Jordan chain extension of fi. 
(3.6) LEMMA. Let A be a square matrix in block triangular form, let j he 
a vertex in R(A), and let fi=(y’,..., y”‘) he a Jordan chain of n,-vector,s 
with respect to Aij. Then there exists a weak j-combinatorial Jordan chain 
extension a of p. 
Proof. By Lemma (3.2), there exists xi E E(A) which is a weak j-com- 
binatorial extension of y’, Therefore, the chain OL = (xi,. . . , x”‘) is the re- 
quired one. n 
(3.7) DEFINITION. Let A be a square matrix in block triangular form, let 
j be a vertex in R(A), and let y be a Jordan basis of E( A ji). A set that 
consists of weak j-combinatorial Jordan chain extensions of the Jordan chains 
in y is said to be a weak j-combinatorial extension of the Jordan basis y for 
E(Ajj). 
4. WEAKLY PREFERRED BASES FOR THE GENERALIZED 
NULLSPACE OF A MATRIX 
(4.1) DEFINITION. Let A be a square matrix in block triangular form, 
and let mi = m(Aii). Let H be a set of singular vertices in R(A) (that is, H 
is a subset of S). A set of vectors x’j, j = l,.. . , mi, i E H, is said to be a 
weakly H-preferred set (for A) if 
(4.2) ((xi’),: j E (m,)} f orms a Jordan basis for E(A,,), i E H. 
(4.3) supp(x’j) G below(i) for all j E (n+), i E H (i.e. x’j is a weak i-com- 
binatorial extension of (x ‘j),), 




Ax’i = c c ~;;;;y”~, j E (m,), i E H, 
h E I1 k = 1 
where the cj,i’s satisfy 
(4.5) ‘Ilk 
ii =o whenever i f < h, i,hEH. 
(4.6) REMARK. Observe that a weakly H-preferred set 9’ is a set of 
linearly independent vectors which span an A-invariant subspace V of E(A). 
The dimension of V equals C, E ,,mi. Therefore, since m(A) = C, E ,m,, a 
weakly S-preferred set forms a basis for E(A). 
In view of Remark (4.6) we define 
(4.7) DEFINITION. Let A be a square matrix in block triangular form, 
and let H be a set of singular vertices in R(A). A weakly H-preferred set .Y 
is said to be a weakly H-preferred basis for span(Y). 
(4.8) REMARK. The notion of a weakly preferred set generalizes the 
notion of a preferred set defined in [4]. 
(4.9) THEOREM. Let A be a square matrix in block triangular form. Then 
there exists a weakly preferred basis for E(A). 
Proof. Let yi={y’j:jE(m,)} b e a or an J d b asis for E(A,;), i E S. We 
now choose the set Y of n-vectors { x’j: j E (m,), i E S} such that (r’j: j E 
(mi)} is a weak i-combinatorial extension of the Jordan basis yi for E(Aii). 
All we have to show is that 9’ is a weakly S-preferred set. Note that (4.2) is 
given, that we have (4.3) by Proposition (3.4) and Definition (3.7), and that 
obviously (4.4) holds for appropriate cltk ‘j’s. We now establish (4.5). Let i E S 
and j E (m,) be given. Define the set V = {h: c\ji # 0 for some k E ( m,l)}. 
Then (4.5) asserts that V c below(i). Evidently, the latter is equivalent to the 
assertion that top(V) c below(i). So let r E top(V). We next argue that 
(Ax’j), # 0. Assume to the contrary that ( Axij), = 0. By (4.4) we have 
(4.10) 
“‘it 
o= (Ax’j), = c c C;,I#‘lk)r. 
IIES k=l 
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Since r E top( V ), we have ci,jk = 0 whenever h --< r. Since, by (4.3), 
sup~(x”~) c below(h), it follows that (x”~), = 0 whenever h f < r. There- 
fore, (4.10) becomes 
(4.11) 
tt,, tn, 
0 = (Arii), = C c,ii(xrk), = C Cf$rk. 
k=l k=l 
The linear independence of y rk, k E (m,), yields from (4.11) that c,!l= 0, 
k E (m,), in contradiction to r E V. Therefore, we have ( Axij), f 0, that is 
r E supp( Ax ‘j). Since, by Lemma (3.3) and by (4.3) we have supp( Ax’j) c 
below(supp(x’j)) c below(below(i)) = below(i), it now follows that r E 
below(i). 3 
5. THE HEIGHT OF GENERALIZED NULLVECTORS 
(5.1) NOTATION. Let i be a vertex in R(A). We denote by si the 
maximal sum of indices of diagonal blocks of A along a path in below( i )\ { i } . 
(5.2) NOTATION. For a vector x in E(A) we denote 
Observe that for x E E(A), 9(x) = 0 if and only x = 0. 
(5.3) LEMMA. Let x be a nonzero vector in E(A). Then 9( Ax) < 9(x). 
Proof. Let y = Ax. If y = 0, then the result is obvious. So assume that 
y z 0 and let i E top(supp(y)). We distinguish between two cases: 
I. i E top(supp(r)). In this case height(yi) < height(xi), and hence 
(5.4) si+height(yi) < si+height(x,). 
II. i @ top(supp( x)). Since, byLemma(3.3), supp( y) c below(supp( x)), 
there exists k E top(supp(r)) with k --< i. Then 
(5.5) si + height( y,) < Si + pi < Sk < Sk + height( xk), 
where ~1 i = index( A ii). 
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In either case we have a k E top(supp(x)) for which the extreme inequalities 
hold in (5.5), and hence, in view of Notation (5.2), we have 9( Ax) < 9(x). n 
We now have three corollaries. 
(5.6) COROLLARY. Let A be a square matrix in block triangular form, 
and let x E E(A). Then height(r) G 9(r). 
Proof. Let height(x) = k. If k = 0 then height(x) = 9(x) = 0. If k > 0 
then, by Lemma (5.3), we have 
9(x)>q(Ax)> ... >9(Ak-%)>O, 
which yields that 9(x) > k. n 
(5.7) COROLLARY. Let A be a square matrix in block triangular form, 
and let x E E(A). Then height(x) is less than or equal to the maximal sum of 
indices of diagonal blocks of A along a path in below(supp(r)). 
Proof. In view of Notation (5.2) the assertion follows immediately from 
Corollary (5.6), observing that height(x,) < pi. n 
(5.8) C OROLLARY. Let A be a square matrix in block triangular form. 
Then the maximal height of a oector in E(A) is less than or equal to the 
maximal sum of indices of diagonal blocks of A along a path in R(A). 
It is an immediate consequence of a lemma in [6] that the index of a 
matrix in block triangular form is less than or equal to the sum of the indices 
of the diagonal blocks. We improve this result in the following Index 
Theorem for general matrices, which is equivalent to Corollary (5.8). A 
different proof for the Index Theorem may be found in [l], and a special case 
was proved in [9]. 
(5.9) THEOREM (The Index Theorem). Let A be a square matrix in block 
triangular form. Then the index of A is less than or equal to the maximal sum 
of indices of diagonal blocks of A along a path in R(A). 
Corollary (5.8) and Theorem (5.9) raise the natural question of when the 
index of A is equal to the maximal sum of indices of diagonal blocks of A 
along a path in R(A). One equality case, that is for M-matrices, is well 
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known ([8]; see also [ll] and [4]). In the following section we shall investigate 
this problem in general. 
(5.10) REMARK. Corollary (5.7) (and thus also Corollary (5.8) and Theo- 
rem (5.9)) can also be derived from Theorem (4.9). However, the proof is 
more complicated, and requires an analysis of the coefficients ciik in (4.4). 
6. EQUALITY CASES IN THE INDEX THEOREM 
(6.1) LEMMA. Let A be a singular matrix and let index(A) = p. Then for 
every r E N(AP)\N(AP-l) 2oe have x @ range(A)+ N(AP-r). 
Proof. Let x E range(A)+ N(A”-I), and suppose that r E N( Ap) = 
E(A). We have x = Aw + v for some vector w, and where v E N(Ap-‘). 
Thus, AP-‘r = Apw. Since x E E(A), it follows that w E E(A) and hence 
A”- lx = Aww = 0. It now follows that x E N(AP-l). Therefore, x E N(AP)\ 
N( A’- ‘) implies that r @ range(A) + N( A*-‘). a 
(6.2) PROPOSITION. Let 
where A,, and A,, are singular, and let IJ~ and q2 be positive integers such 
that 
(6.3) A,,[range(A:‘,-‘)nN(A,,)] erange(A,)+N(A22-1). 
Then 
index(A) > q, + q2. 
Proof. Suppose that (6.3) holds. Let 
(6.4) YIErange(A:i_‘)nNiA,,) 
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be such that 
(6.5) A,,y,~Srange(A~a)+N(A~~~‘). 
Obviously, yr # 0. It now follows from (6.4) that there exists rr E E(A,,) 
such that 
and hence the height of xl with respect to A,, is qr. By Lemma (3.2) there 
is an x E E(A) which is a weak l-combinatorial extension of xr. Observe that 
(A’%), = 0, 
and hence 
(6.6) (A”lx), E E(4d. 
Let 
where z is some vector. Since, by (6.5) Azlgl + Aa2zL! is not in X( A?$222-1), it 
follows from (6.6) that 
height(( A”lr),) 2 q2. 
Therefore, we have height(x) > qr + ~a, and consequently index(A) > 
71 + 772. n 
The converse of Proposition 6.2 is not true in general, as is demonstrated 
by the following example. 
(6.7) EXAMPLE. Let A be the 2 X 2 block matrix 
It is easy to verify that index(A,,) = index(A,,) = 2, and index(A) = 3. Now, 
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observe that A,,iV( A,,) consists of the zero vector only. Therefore, if we 
choose r~i = 1 and ns = 2, then index(A) >, TJ~ + na, but (6.3) does not hold. 
However, the converse of Proposition (6.2) does hold in the following 
important case. 
(6.8) THEOREM. Let 
A= 
where A,, and A,, are singular, and let p1 and pe be the indices of A,, and 
A,, respectively. Then 
(6.9) index(A) = pi + pclz 
if and only if 
(6.10) A,,[range(A’f;-‘)~N(A,,)] ~range(A,,)+N(A’“,;~‘). 
Proof. Suppose that (6.10) holds. By Proposition (6.2) we have index(A) 
2 pi + ps. Since by Theorem (5.9) we have index(A) < pi + Pi, (6.9) now 
follows. 
Conversely, suppose that (6.9) holds. Let x E E(A) be such that 
height(x) = pi + p2. Observe that (AFir), = Ay;x, = 0. Let yi = Ayi-‘ri and 
2s = ( A.rl ‘x)s. Then 
(6.11) yi = A’;;-‘xi E range A ( Y’)n N(A,& 
and, since the height of (Aplx), equals pLz, 
(6.12) A,,Y, + A,,Q = (A’“~~),EN(A~~)\N(A~~-‘). 
By Lemma 6.1, it follows from (6.12) that A,,y, @ range(Ass)+ N(A$ 
In view of (6.11), (6.10) holds. 
-1 1. 
m 
We comment that if A,, or A,, is nonsingular, then clearly index( A 
pi + pFlz. This case is not covered by Theorem (6.8). 
)= 
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We now generalize one direction of Theorem (6.8) to the case that the 
number of diagonal blocks is greater than or equal to 2. We first prove a 
lemma. 
(6.13) LEMMA. Let A be a matrix in lower block triangular form with p 
square diagonal blocks. Let index( A,i) = pi, i E (p), and let TV be the 
maximal index sum along a chain in R(A). Assume that index(A) = p, and 
let x be a vector in E(A) with height(x) = p. Then there exists i E 
top(supp(x)) such that height(xi) = p*, and index( A[below( i)]) = p. 
Proof. Let 
T= {iEtop(supp(x)):height(xi)=pi}. 
Let i E T. Since i E top(supp(x)), we have xi E E( Aji). By Lemma (3.2) we 
can find a vector y’ such that yi E E(A), and yi is a weak i-combinatorial 
extension of x,. Let 
(6.14) ==x- c yi. 
i E 7 
Since obviously supp(x) c below(supp( x)), and since for all i E T we have 
supp( y’) c below(i) c below(T) c below(supp( x)), it follows from (6.14) that 
supp( Z) G below(supp( x)). Since 
0, i ET, 
xi> i E top(wp(x))\T, 
it follows that for all i E top(supp(x)) we have height(=,) < pi. Therefore, we 
have q(z) < p, and by Corollary (5.6) we have height(z) < p. Since height(x) 
= p, it now follows from (6.14) that for at least one i E T we have 
height( y’) = p. H 
(6.15) THEOREM. Let A be a matrix in lower block triangular form with 
p square diagonal blocks. Let index( A,,) = pi, i E (p), and let TV be the 
maximal index sum along a chain in R(A). If 
index(A) = IL, 
then there exists a singular chain i, - < i, - < . . . - < i, with maximal index 
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sum, such that for every r, 1~ T < t - 1, we have 
(6.16) Akh[range(A~~-‘)n~(AAhh)] + c range(A,O 
ll--41-<k 
e range( A,,) + N( A$-‘) a 
where h = i, and k = iril. 
Proof. We prove our assertion by induction on p. If p = 1 then there is 
nothing to prove. Assume that our claim holds for p < m, m > 1, and let 
p = m. Let x be an element of a weakly S-preferred basis for E(A) such 
that height(x) = CL. By definition, there exists j E top(supp(x)) such that 
j E S, and such that x is a weak j-combinatorial extension of x j. Let sj 
be the maximal sum of indices of diagonal blocks of A along a path in T = 
below(j)\{ j }. Observe that p= /J j + si. Since, by Corollary (5.6), we have 
p= height(x) < q(x) = height( x j) + sj, it follows that 
(6.17) height(xj) =IJ.~. 
Also, we have height(y) = p - pj = sj, where y = ABlx. Let T’= supp(y). By 
;;$ying Lemma (6.13) to A[below( j)\{ j}], we can find i, E top(T’) such 
(6.18) height(yi,) = P,,> 
and index( A[below( i2)]) = sj. By th e inductive assumption there exists a 
singular chain is --< i, --< . * . --< i, with maximal index sum (in 
R(A[below(is)])), such that for every r, 2 < r < t - 1, we have (6.16), where 
h=i, and k=i,+,. Set i, = j, and observe that the chain i, - < i, - < . . . 
- < i, has index sum p. In order to complete the proof we have to show that 
(6.16) holds also for h = ii and k = i,. So, let h = i, ( = j ) and k = i,. Let 
w = AP’tP1x (so that y = Au:). By (6.17) we have 
(6.19) w,, = A’;,%-‘x,, E range(A’;l’;l-‘) n N(A,,,,). 
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Also, we have yk = A,,,w,, + z + Akkwk, where 
(6.20) z= c A,,WP 
M-4 
It now follows from (6.18) that 
Akhwh + z + A,,w, = yk E N( Apk)\N( Aft-‘). 
By Lemma (6.1) it follows that 
Ak,,wI, + z + Akkwk G range( A,,) + N( A:“,-‘), 
and so 
Ak,,w,, + z @ range( A,,) + N( AFkP ‘). 
In view of (6.19) and (6.20) this proves (6.16). 
(6.21) REMARK. Observe that if a singular chain i, - < i, - < . . * - < i, 
has a maximal index sum, then there do not exist I E (p) and r E (t - 1) 
such that A,, is singular and i, --< 1-c i,, ,. Therefore, all the l’s in the 
second term on the left hand side of (6.16) correspond to nonsingular blocks 
A,,. In particular, in the case that the diagonal blocks of A are all singular, 
(6.16) in Theorem (6.15) can be replaced by 
Akll [range( A’;;‘;,-‘) n NAIL,,)] YZ raw(Akl;) + $A%-‘). 
The converse of Theorem (6.15) does not hold in general, as demonstrated 
by the following examples. 
(6.22) EXAMPLE. We give three examples. First, let A be the 3 X 3 block 
matrix 
1010 0 0 010 
-1----------- 
1 I 0 0 0 o’_O 
011 0 0 oio 
010 0 0 o/o 
010 0 1010 
\010 0 0 II0 
\ 
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Here, p1=p3= 1 and pa = 2. Clearly, the chain 1 - < 2 - < 3 has maximal 
index sum (EL = 4). It is easy to verify that (6.16) is satisfied (note that 
0’ = l), yet index(A) = 3. 
Another example, this time of a matrix in Frobenius normal form, is the 
following matrix, which is similar to A: 
0; 0 0 0 0; 0’ 
___‘-_~_i-__~-_-~~---~2~-o 3 I 
-1; 1 1 1 II0 
0; -1 -1 -1 -1; 0 . 
---.--_-_-_----_-_-_-__t_- 1’ 1 2 2 1’0 
210, 0, 1 1 1 
We conclude with a matrix that has also a nonsingular diagonal block. 
The matrix 
satisfies (6.16). However, index(B) = 1, while the maximal index sum along a 
chain in R(B) is 2. 
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